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Abstract. We suggest a new version of the notion of ρ-dilation (ρ > 0) of an
N-tuple A = (A1, . . . , AN) of bounded linear operators on a common Hilbert
space. We say that A belongs to the class Cρ,N if A admits a ρ-dilation
A˜ = (A˜1, . . . , A˜N) for which ζA˜ := ζ1A˜1 + · · ·+ ζN A˜N is a unitary operator
for each ζ := (ζ1, . . . , ζN) in the unit torus T
N . For N = 1 this class coincides
with the class Cρ of B. Sz.-Nagy and C. Foias¸. We generalize the known
descriptions of Cρ,1 = Cρ to the case of Cρ,N , N > 1, using so-called Agler
kernels. Also, the notion of operator radii wρ, ρ > 0, is generalized to the
case of N-tuples of operators, and to the case of bounded (in a certain strong
sense) holomorphic operator-valued functions in the open unit polydisk DN ,
with preservation of all the most important their properties. Finally, we show
that for each ρ > 1 and N > 1 there exists an A = (A1, . . . , AN ) ∈ Cρ,N
which is not simultaneously similar to any T = (T1, . . . , TN ) ∈ C1,N , however
if A ∈ Cρ,N admits a uniform unitary ρ-dilation then A is simultaneously
similar to some T ∈ C1,N .
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1. Introduction
Linear pencils of operators LA(z) := A0 + z1A1 + · · ·+ zNAN on a Hilbert space
which take contractive (resp., unitary or J-unitary for some signature operator
J = J∗ = J−1) values for all z = (z1, . . . , zN ) in the unit torus TN := {ζ ∈ CN :
|ζk| = 1, k = 1, . . . , N} serve as one of possible generalizations of a single contrac-
tive (resp., unitary, J-unitary) operator on a Hilbert space. They appear in con-
structions of Agler’s unitary colligation and corresponding conservative (unitary)
scattering N -dimensional discrete-time linear system of Roesser type [1, 8], and
also of Fornasini–Marchesini type [7], and dissipative (contractive), conservative
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(unitary) or J-conservative (J-unitary) scattering N -dimensional linear systems of
one more form introduced in our paper [17] and studied in [17, 18, 19, 23, 20, 21, 7].
These constructions, in particular, provide the transfer function realization formu-
lae for certain classes of holomorphic functions [1, 8, 17, 19, 21, 7], the solutions
to the Nevanlinna–Pick interpolation problem [2, 8], the Toeplitz corona problem
[2, 8], and the commutant lifting problem [6] in several variables.
In [18] we developed the dilation theory for multidimensional linear systems,
and in particular gave a necessary and sufficient condition for such a system to have
a conservative dilation. As a special case, this gave a criterion for the existence
of a unitary dilation of a contractive (on TN ) linear pencil of operators on a
Hilbert space. Linear pencils of operators satisfying this criterion inherit the most
important properties of single contraction operators on a Hilbert space (note that,
due to [22], not all linear pencils which take contractive operator values on TN
satisfy this criterion).
The purpose of the present paper is to develop the theory of ρ-contractions in
several variables in the framework of “linear pencils approach”. We introduce the
notion of ρ-dilation of an N -tuple A = (A1, . . . , AN ) of bounded linear operators
on a common Hilbert space by means of a simultaneous ρ-dilation, in the sense
of B. Sz.-Nagy and C. Foias¸ [32, 34], of the values of a homogeneous linear pencil
of operators zA :=
∑N
k=1 zkAk. The class Cρ,N consists of those N -tuples of
operators A = (A1, . . . , AN ) (ρ-contractions) for which there exists a ρ-dilation
A˜ = (A˜1, . . . , A˜N ) such that the operators ζA˜ =
∑N
k=1 ζkA˜k are unitary for all
ζ = (ζ1, . . . , ζN ) ∈ TN . On the one hand, this class generalizes the class Cρ,1 = Cρ
of Sz.-Nagy and Foias¸ [32, 34] consisting of operators which admit a unitary ρ-
dilation to the case N > 1. On the other hand, this class generalizes the class of
N -tuples of operators A for which the associated linear pencil of operators zA
admits a unitary dilation in the sense of [18] (this corresponds to ρ = 1) to the
case of N -tuples of operators A which have a unitary ρ-dilation for ρ 6= 1.
The paper is organized as follows. Section 2 gives preliminaries on ρ-contracti-
ons for the case N = 1. Namely, we recall the relevant definitions, the known
criteria for an operator to be a ρ-contraction, i.e., to belong to the class Cρ of
Sz.-Nagy and Foias¸, the notion of operator radii wρ and their properties, and the
theorem on similarity of ρ-contractions to contractions. In Section 3 we give the
definitions of a ρ-dilation of an N -tuple of operators, and of the class Cρ,N of
ρ-contractions for the case N > 1, and prove a theorem which generalizes the
criteria of ρ-contractiveness to this case, as well as to the case 0 < ρ 6= 1. Some
properties of classes Cρ,N are discussed. Then it is shown that the notions of a
ρ-contraction and of the corresponding class Cρ,N , as well as the theorem just
mentioned, can be extended to holomorphic functions on the open unit polydisk
DN := {z ∈ CN : |zk| < 1, k = 1, . . . , N} that are bounded in a certain strong
sense, though the notion of unitary ρ-dilation is not relevant any more in this case.
In Section 4 we define operator radii wρ,N of N -tuples of operators, and operator-
function radii w
(∞)
ρ,N of bounded holomorphic functions on D
N , ρ > 0. These radii
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generalize wρ’s and inherit all the most important properties of them. In Section 5
we prove that for each ρ > 1 and N > 1 there exists an A = (A1, . . . , AN ) ∈ Cρ,N
which is not simultaneously similar to any T = (T1, . . . , TN) ∈ C1,N . Then we
introduce the classes Cuρ,N , ρ > 0, of N -variable ρ-contractions A = (A1, . . . , AN )
which admit a uniform unitary ρ-dilation. We prove that if A ∈ Cuρ,N for some
ρ > 1 thenA is simultaneously similar to someT ∈ Cu1,N . Note, that since the class
Cuρ,N (as well as Cρ,N ) increases as a function of ρ, for any ρ ≤ 1 an A ∈ Cuρ,N
(resp., A ∈ Cρ,N ) belongs to Cu1,N (resp., C1,N ) itself. We show the relation of
our results to ones of G. Popescu [30] where a different notion of multivariable ρ-
contractions has been introduced, and the relevant theory has been developed. The
classes Cuρ,N , ρ > 0, which appear in Section 5 in connection with the similarity
problem discussed there, certainly deserve a further investigation.
2. Preliminaries
Let L(X ,Y) denote the Banach space of bounded linear operators mapping a
Hilbert space X into a Hilbert space Y, and L(X ) := L(X ,X ). For ρ > 0, an
operator A˜ ∈ L(X˜ ) is said to be a ρ-dilation of an operator A ∈ L(X ) if X˜ ⊃ X
and
An = ρPX A˜n|X , n ∈ N, (2.1)
where PX denotes the orthogonal projection onto the subspace X in X˜ . If, more-
over, A˜ is a unitary operator then A˜ is called a unitary ρ-dilation of A. In [32] (see
also [34]) B. Sz.-Nagy and C. Foias¸ introduced the classes Cρ, ρ > 0, consisting
of operators which admit a unitary ρ-dilation. Due to B. Sz.-Nagy [31], the class
C1 is precisely the class of all contractions, i.e., operators A such that ‖A‖ ≤ 1.
C. A. Berger [9] showed that the class C2 is precisely the class of all operators
A ∈ L(X ), for some Hilbert space X , which have the numerical radius
w(A) = sup{|〈Ax, x〉| : x ∈ X , ‖x‖ = 1}
equal to at most one. Thus, the classes Cρ, ρ > 0, provide a framework for simul-
taneous investigation of these two important classes of operators.
Recall that the Herglotz (or Caratheodory) class H(X ) (respectively, the
Schur class S(X )) consists of holomorphic functions f on the open unit disk D
which take values in L(X ) and satisfy Re f(z) = f(z) + f(z)∗  0 in the sense of
positive semi-definiteness of an operator (resp., ‖f(z)‖ ≤ 1) for all z ∈ D. Let us
recall some known characterizations of the classes Cρ.
Theorem 2.1. Let A ∈ L(X ) and ρ > 0. The following statements are equivalent:
(i): A ∈ Cρ;
(ii): the function kAρ (z, w) := ρIX − (ρ− 1) ((zA+ (wA)∗)+ (ρ− 2)(wA)∗zA
satisfies kAρ (z, z)  0 for all z ∈ clos(D);
(iii): the function ψAρ (z) := (1− 2ρ )IX + 2ρ (IX − zA)−1 belongs to H(X );
(iv): the function ϕAρ (z) := zA ((̺− 1)zA− ρIX )−1 belongs to S(X ).
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Conditions (ii) and (iii) of Theorem 2.1 each characterizing the class Cρ
appear in [32], while condition (iv) is due to C. Davis [11].
Corollary 2.2. Condition (ii) in Theorem 2.1 can be replaced by
(ii’): kAρ (C,C) := ρIX ⊗ IHC − (ρ− 1)(A⊗ C + (A⊗ C)∗)
+ (ρ− 2)(A⊗ C)∗(A⊗ C)  0
for any contraction C on a Hilbert space HC .
Proof. Indeed, (ii’)⇒(ii), hence (ii’)⇒(i). Conversely, if A ∈ Cρ ∩ L(X ) then for
any contraction C on HC one has A⊗C ∈ Cρ because, by [31], C admits a unitary
dilation C˜, and A admits a unitary ρ-dilation A˜, thus A˜⊗ C˜ is a unitary ρ-dilation
of A⊗ C:
(A⊗ C)n = An ⊗ Cn = (ρPX A˜n|X )⊗ (PHC C˜n|HC)
= ρPX⊗HC (A˜
n ⊗ C˜n)|X ⊗ HC
= ρPX⊗HC (A˜⊗ C˜)n|X ⊗ HC , n ∈ N.
Therefore, kAρ (C,C) = k
A⊗C
ρ (1, 1)  0, i.e., (ii’) is valid. 
Corollary 2.3. Condition
(v): A⊗ C ∈ Cρ for any contraction C on a Hilbert space,
is equivalent to each of conditions (i)–(iv) of Theorem 2.1.
Proof. See the proof of Corollary 2.2. 
Any operator A ∈ Cρ is power-bounded :
‖An‖ ≤ ρ, n ∈ N, (2.2)
moreover, its spectral radius
ν(A) = lim
n→+∞ ‖A
n‖ 1n (2.3)
is at most one. In [32] an example of a power-bounded operator which is not
contained in any of the classes Cρ, ρ > 0, is given. However, J. A. R. Holbrook [15]
showed that any bounded linear operator A with ν(A) ≤ 1 can be approximated
in the operator norm topology by elements of the classes Cρ. More precisely, if C∞
denotes the class of bounded linear operators with spectral radius at most one,
and X is a Hilbert space, then
C∞ ∩ L(X ) = clos
{ ⋃
0<ρ<∞
Cρ ∩ L(X )
}
. (2.4)
For a fixed Hilbert space X , the class Cρ as a function of ρ increases [32]:
Cρ ⊂ Cρ′ for ρ < ρ′. (2.5)
Moreover, it was shown by E. Durszt [13] that Cρ increases strictly for dimX ≥ 2:
Cρ 6= Cρ′ for ρ 6= ρ′.
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Proposition 2.4. For X = C, the classes Cρ coincide for all ρ ≥ 1, and strictly
increase for 0 < ρ < 1:
Cρ  Cρ′ for 0 < ρ < ρ
′ ≤ 1.
Proof. If a ∈ C ∼= L(C) belongs to Cρ then ‖a‖ = |a| = ν(a) ≤ 1. Hence Cρ ⊂ C1
for any ρ > 0. Since (2.5) implies Cρ ⊃ C1 for ρ ≥ 1, we get Cρ = C1 for this case,
that proves the first part of this proposition.
For the proof of the second part, we will show that for any ε, ρ : 0 < ε < ρ < 1,
one has
a :=
ρ
2− ρ ∈ Cρ\Cρ−ε. (2.6)
If 0 ≤ ε < ρ then, by condition (ii) in Theorem 2.1, the inclusion a ∈ Cρ−ε is
equivalent to
ρ− ε− (ρ− ε− 1)(az + a¯z¯) + (ρ− ε− 2)|az|2 ≥ 0, z ∈ clos(D),
which for a = ρ2−ρ turns into
ρ− ε− 2(ρ− ε− 1) ρ
2− ρr cos θ+(ρ− ε− 2)
(
ρr
2− ρ
)2
≥ 0, r ∈ [0, 1], θ ∈ [0, 2π).
Since ρ − ε − 1 < 0, the left-hand side of this inequality, as a function of θ for a
fixed r, has a minimum at θ = π, so the latter condition turns into
ρ− ε+ 2(ρ− ε− 1) ρr
2− ρ + (ρ− ε− 2)
(
ρr
2− ρ
)2
≥ 0, r ∈ [0, 1].
The left-hand side attains its minimum at r = 1, thus the latter inequality turns
into
ρ− ε+ 2(ρ− ε− 1) ρ
2− ρ + (ρ− ε− 2)
(
ρ
2− ρ
)2
= − 4ε
(2− ρ)2 ≥ 0,
which is possible if and only if ε = 0. Thus, (2.6) is true. 
The properties of the classes Cρ become more clear due to the following
numerical characteristics of operators. J. A. R. Holbrook [15] and J. P. Williams
[35], independently, introduced for any A ∈ L(X ) the operator radii
wρ(A) := inf{u > 0 : 1
u
A ∈ Cρ}. (2.7)
Theorem 2.5. wρ(·) has the following properties:
(i): wρ(A) <∞;
(ii): wρ(A) > 0 unless A = 0, moreover, wρ(A) ≥ 1ρ‖A‖;
(iii): ∀µ ∈ C, wρ(µA) = |µ|wρ(A);
(iv): wρ(A) ≤ 1 if and only if A ∈ Cρ;
(v): wρ(·) is a norm on L(X ) for any ρ : 0 < ρ ≤ 2, and not a norm on
L(X ), dimX ≥ 2, for any ρ > 2;
(vi): w1(A) = ‖A‖ (of course, here ‖ · ‖ is the operator norm on L(X ) with
respect to the Hilbert-space metric on X );
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(vii): w2(A) = w(A);
(viii): w∞(A) := lim
ρ→+∞wρ(A) = ν(A);
(ix): wρ(IX ) =
{
1 for ρ ≥ 1,
2
ρ
− 1 for 0 < ρ < 1;
(x): if 0 < ρ < ρ′ then wρ′(A) ≤ wρ(A) ≤
(
2ρ′
ρ
− 1
)
wρ′(A), thus wρ(A) is
continuous in ρ and non-increasing as ρ increases;
(xi): if ‖A‖ = 1 and A2 = 0 then, for any ρ > 0, wρ(A) = 1ρ ;
(xii): if for some ρ0 one has wρ0 (A) > w∞(A) (= ν(A)) then for any ρ > ρ0
one has wρ0(A) > wρ(A);
(xiii): lgwρ(A) is a convex function in ρ, 0 < ρ < +∞;
(xiv): wρ(A) is a convex function in ρ, 0 < ρ < +∞;
(xv): the function hA(ρ) := ρwρ(A) is non-decreasing on [1,+∞), and non-
increasing on (0, 1);
(xvi): for any ρ such that 0 < ρ < 2 one has ρwρ(A) = (2− ρ)w2−ρ(A), and
lim
ρ↓0
ρ
2wρ(A) = w2(A) (= w(A));
(xvii): ∀ρ : 0 < ρ ≤ 1, wρ(A) ≥
(
2
ρ
− 1
)
w2(A);
(xviii): ∀A,B ∈ L(X ), ∀ρ ≥ 1, wρ(AB) ≤ ρ2wρ(A)wρ(B), moreover, ρ2 is
the best constant in this inequality for the case dimX ≥ 2;
(xix): ∀A,B ∈ L(X ), ∀ρ : 0 < ρ < 1, wρ(AB) ≤ (2 − ρ)ρwρ(A)wρ(B),
moreover, (2 − ρ)ρ is the best constant in this inequality for the case
dimX ≥ 2;
(xx): ∀ρ > 0, ∀n ∈ N, wρ(An) ≤ wρ(A)n.
Properties (i)–(xii), (xviii), and (xx) were proved by J. A. R. Holbrook [15],
properties (xiii)–(xvi) were discovered by T. Ando and K. Nishio [4]. Property (xix)
was shown by K. Okubo and T. Ando [26], and follows also from (xvi) and (xviii).
Finally, property (xvii) easily follows from (x) and (xvi). Indeed, for 0 < ρ ≤ 1 one
has w2−ρ(A) ≥ w2(A), hence ρwρ(A) = (2 − ρ)w2−ρ(A) ≥ (2 − ρ)w2(A), which
implies (xvii).
We have listed in Theorem 2.5 only the most important, as it seems to us,
properties of operator radii wρ(·). Other properties of wρ(·) can be found in [15,
16, 14, 4, 26, 5] and elsewhere.
Let us note that properties of the classes Cρ discussed before Theorem 2.5,
including Proposition 2.4, can be deduced from properties (iv), (vi)–(x) in Theo-
rem 2.5. Due to property (iv) in Theorem 2.5, operators from the classes Cρ are
called ρ-contractions.
Any A ∈ Cρ satisfies the following generalized von Neumann inequality [32]:
for any polynomial p of one variable
‖p(A)‖ ≤ max
|z|≤1
|ρp(z) + (1− ρ)p(0)|. (2.8)
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Let A ∈ L(X ), B ∈ L(Y). Then A is said to be similar to B if there exists a
bounded invertible operator S ∈ L(X ,Y) such that
A = S−1BS. (2.9)
B. Sz.-Nagy and C. Foias¸ proved in [33] (see also [34]) that any A ∈ Cρ is similar
to some T ∈ C1, i.e., any ρ-contraction is similar to a contraction.
To conclude this section, let us remark that the classes Cρ are of continuous
interest, e.g., see recent works [12, 10, 5, 24, 27]. In [30] the classesCρ were extended
to a multivariable setting; we shall discuss this generalization in Section 5.
3. The classes Cρ,N
Let ρ > 0. We will say that an N -tuple of operators A˜ = (A˜1, . . . , A˜N ) ∈ L(X˜ )N
is a ρ-dilation of an N -tuple of operators A = (A1, . . . , AN ) ∈ L(X )N if X˜ ⊃ X ,
and for any z = (z1, . . . , zN ) ∈ CN the operator zA˜ =
∑N
k=1 zkA˜k is a ρ-dilation,
in the sense of [32], of the operator zA =
∑N
k=1 zkAk, i.e.,
(zA)n = ρPX (zA˜)n|X , z ∈ CN , n ∈ N. (3.1)
These relations are equivalent to
A
t = ρPX A˜t|X , t ∈ ZN+ := {τ ∈ ZN : τk ≥ 0, k = 1, . . . , N}, (3.2)
where At, t ∈ ZN+ , are symmetrized multi-powers of A:
A
t :=
t!
|t|!
∑
σ
A[σ(1)] · · ·A[σ(|t|)],
and analogously for A˜. Here for a multi-index t = (t1, . . . , tN ), t! := t1! · · · tN !
and |t| := t1 + · · · + tN ; σ runs over the set of all permutations with repetitions
in a string of |t| numbers from the set {1, . . . , N} such that the κ-th number
[κ] ∈ {1, . . . , N} appears in this string t[κ] times. Say, if t = (1, 2, 0, . . . , 0) then
A
t =
A1A
2
2 +A2A1A2 +A
2
2A1
3
.
In the case of a commutative N -tuple A one has At = At11 · · ·AtNN , i.e., a usual
multi-power.
Note 3.1. Compare (3.1) and (3.2) with (2.1).
In the case ρ = 1 the notion of ρ-dilation of an N -tuple of operators A =
(A1, . . . , AN ) coincides with the notion of dilation of A (or corresponding linear
pencil zA) as defined in [18].
We will call A˜ ∈ L(X˜ )N a unitary ρ-dilation of A ∈ L(X )N if A˜ is a ρ-
dilation of A and for any ζ ∈ TN the operator ζA˜ = ∑Nk=1 ζkA˜k is unitary. The
class of operator N -tuples which admit a unitary ρ-dilation will be denoted by
Cρ,N .
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Let CN denote the family of all N -tuples C = (C1, . . . , CN ) of commuting
strict contractions on a common Hilbert space HC, i.e., CkCj = CjCk and ‖Ck‖ <
1 for all k, j ∈ {1, . . . , N}. An L(X )-valued function
k(z, w) =
∑
(t,s)∈ZN+×ZN+
kˆ(t, s)w¯szt, (z, w) ∈ DN × DN ,
which is holomorphic in z ∈ DN and anti-holomorphic in w ∈ DN , will be called
an Agler kernel if
k(C,C) :=
∑
(t,s)∈ZN+×ZN+
kˆ(t, s)⊗C∗sCt  0, C ∈ CN , (3.3)
where the series converges in the operator norm topology on L(X ⊗HC). The
Agler–Herglotz class AHN (X ) (resp., the Agler–Schur class ASN (X )) is the class
of all L(X )-valued functions f holomorphic on DN for which k(z, w) = f(z)+f(w)∗
(resp., k(z, w) = IX − f(w)∗f(z)) is an Agler kernel. Agler kernels, as well as the
classes AHN (X ) and ASN (X ), were defined and studied by J. Agler in [1]. The
von Neumann inequality [25] implies that AS1(X ) = S(X ) and AH1(X ) = H(X ).
Remark 3.2. The function kAρ (z, w) from condition (ii) in Theorem 2.1, due to
Corollary 2.2, is an Agler kernel (N = 1).
Theorem 3.3. Let A ∈ L(X )N , ρ > 0. The following conditions are equivalent:
(i): A ∈ Cρ,N ;
(ii): the function kAρ,N (z, w) := ρIX−(ρ−1) ((zA+ (wA)∗)+(ρ−2)(wA)∗zA
is an Agler kernel on DN × DN ;
(iii): the function ψAρ,N (z) := (1− 2ρ)IX + 2ρ(IX −zA)−1 belongs to AHN (X );
(iv): the function ϕAρ,N (z) := zA ((̺− 1)zA− ρIX )−1 belongs to ASN (X );
(v): A⊗C :=∑Nk=1 Ak ⊗ Ck ∈ Cρ = Cρ,1 for all C ∈ CN .
Remark 3.4. This theorem generalizes Theorem 2.1 with condition (ii) replaced
by condition (ii’) from Corollary 2.2, and added condition (v) from Corollary 2.3.
Proof of Theorem 3.3. (i)⇔(iii). The proof of this part combines the idea of B. Sz.-
Nagy and C. Foias¸ [32] for the proof of the equivalence (i)⇔(iii) in Theorem 2.1
(see Remark 3.4) with Agler’s representation of functions from AHN (X ) [1]. Let
A = (A1, . . . , AN ) ∈ Cρ,N ∩L(X )N , and A˜ = (A˜1, . . . , A˜N ) ∈ L(X˜ )N be a unitary
ρ-dilation of A. By Corollary 4.3 in [18], the linear function L
A˜
(z) = zA˜ belongs
to the class ASN (X˜ ). Since for anyC ∈ CN one has (1+ε)C ∈ CN for a sufficiently
small ε > 0, the operator A˜ ⊗C, as well as A˜ ⊗ (1 + ε)C, is contractive. Thus,
A˜⊗C is a strict contraction, and the series
IX˜⊗HC + 2
∞∑
n=1
(A˜⊗C)n
Vol. 99 (9999) Multivariable ρ-contractions 9
converges in the L(X˜ ⊗ HC)-norm to
(IX˜⊗HC + A˜⊗C)(IX˜⊗HC − A˜⊗C)−1.
Moreover,
Re[(IX˜⊗HC + A˜⊗C)(IX˜⊗HC − A˜⊗C)−1]  0. (3.4)
Therefore,
PX⊗HC(IX˜⊗HC + A˜⊗C)(IX˜⊗HC − A˜⊗C)−1|X ⊗ HC
= PX⊗HC
(
IX˜⊗HC + 2
∞∑
n=1
(A˜⊗C)n
)∣∣∣∣∣X ⊗HC
= IX⊗HC + 2
∞∑
n=1
∑
|t|=n
n!
t!
(PX ⊗ IHC)(A˜t ⊗Ct)|X ⊗ HC
= IX⊗HC +
2
ρ
∞∑
n=1
∑
|t|=n
n!
t!
A
t ⊗Ct = IX⊗HC +
2
ρ
∞∑
n=1
(A⊗C)n
= (1 − 2
ρ
)IX⊗H +
2
ρ
(IX⊗H −A⊗C)−1 = ψAρ,N (C),
and (3.4) implies ReψAρ,N (C)  0. Since the function (IX˜ + zA˜)(IX˜ − zA˜)−1 is
well-defined and holomorphic on DN , so is
ψAρ,N (z) = PX (IX˜ + zA˜)(IX˜ − zA˜)−1|X , z ∈ DN , (3.5)
and we obtain ψAρ,N ∈ AHN (X ).
Conversely, let ψAρ,N ∈ AHN (X ). Since ψAρ,N (0) = IX , according to [1], there
exist a Hilbert space X˜ ⊃ X , its subspaces X˜1, . . . , X˜N satisfying X˜ =
⊕N
k=1 X˜k,
and a unitary operator U ∈ L(X˜ ) such that
ψAρ,N (z) = PX (IX˜ + U(zP))(IX˜ − U(zP))−1|X , z ∈ DN , (3.6)
where zP :=
∑N
k=1 zkPX˜k , i.e., we get (3.5) with A˜k = UPX˜k , k = 1, . . . , N . Note
that for each ζ ∈ TN the operator ζA˜ is unitary. Developing both parts of (3.6)
into the series in homogeneous polynomials convergent in the operator norm, we
get
IX +
2
ρ
∞∑
n=1
(zA)n = IX + 2
∞∑
n=1
PX (zA˜)n|X , z ∈ DN ,
that implies the relations
(zA)n = ρPX (zA˜)n|X , n ∈ N,
for all z ∈ DN , and hence for all z ∈ CN . Thus, A˜ is a unitary ρ-dilation of A,
and A ∈ Cρ,N . The equivalence (i)⇔(iii) is proved.
Note that in this proof we have established that each Agler representation
(3.6) of ψAρ,N gives rise to a unitary ρ-dilation A˜ of A, and vice versa. Indeed, we
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already showed that (3.6) determines A˜. Conversely, if A˜ ∈ L(X˜ )N is a unitary
ρ-dilation of A, then (3.5) holds. Set U :=
∑N
k=1 A˜k ∈ L(X˜ ) and X˜k := A˜∗kX˜ , k =
1, . . . , N . Then U is unitary, X˜k is a closed subspace in X˜ for each k = 1, . . . , N ,
the subspaces X˜k are pairwise orthogonal, and X˜ =
⊕N
k=1 X˜k (see Proposition 2.4
in [17]). Thus, (3.5) turns into (3.6).
(v)⇔(iv). Let (v) be true. By Theorem 2.1 applied for A⊗C with a C ∈ CN ,
one has ϕA⊗Cρ ∈ S(X ⊗HC). For ε > 0 small enough, (1 + ε)C ∈ CN , hence
A⊗ (1 + ε)C ∈ Cρ, and ϕA⊗(1+ε)Cρ ∈ S(X ⊗HC). Thus,
ϕAρ,N (C) = A⊗C((ρ− 1)A⊗C− ρIX⊗HC)−1 = ϕA⊗(1+ε)Cρ
(
1
1 + ε
)
is a contraction on X ⊗ HC. In particular, ϕAρ,N (z) is well-defined, holomorphic
and contractive on DN . Finally, ϕAρ,N ∈ ASN (X ).
Conversely, if (iv) is true then for any C ∈ CN :
ϕA⊗Cρ (λ) = λA⊗C((ρ− 1)λA⊗C− ρIX⊗HC)−1 = ϕAρ,N (λC)
is well-defined, holomorphic and contractive for λ ∈ D. Thus, ϕA⊗Cρ ∈ S(X ⊗HC),
and by Theorem 2.1, A⊗C ∈ Cρ.
(v)⇔(iii) and (v)⇔(ii) are proved analogously, using the following relations
for C ∈ CN , λ ∈ D:
ψAρ,N (C) = ψ
A⊗(1+ε)C
ρ
(
1
1 + ε
)
, ψA⊗Cρ (λ) = ψ
A
ρ,N (λC),
kAρ,N (C,C) = k
A⊗C
ρ (1, 1), k
A⊗C
ρ (λ, λ) = k
A
ρ,N (λC, λC).
The proof is complete. 
Remark 3.5. For the case ρ = 1 each of conditions (ii)–(v) in Theorem 3.3 means
that for any C ∈ CN the operator A⊗C is a contraction. In other words,
A ∈ C1,N ∩ L(X )N ⇐⇒ LA ∈ ASN (X ),
that coincides with in [18, Corollary 4.3] (here LA(z) := zA, z ∈ CN ).
Let us also note that using [18, Corollary 4.3] one can deduce (v) from (i)
directly. Indeed, if A˜ ∈ L(X˜ )N is a unitary ρ-dilation of A ∈ L(X )N then for any
C ∈ CN by [18, Corollary 4.3] the operator A˜⊗C is a contraction. Therefore, due
to [31], A˜⊗C ∈ L(X˜ ⊗HC) has a unitary dilation U ∈ L(K), K ⊃ X˜ ⊗HC. Then
for any n ∈ N:
(A⊗C)n = ρPX⊗HC(A˜⊗C)n|X ⊗ HC
= ρPX⊗HC(PX˜⊗HCU
n|X˜ ⊗ HC)|X ⊗ HC
= ρPX⊗HCU
n|X ⊗ HC,
i.e., U is a unitary ρ-dilation of the operator A⊗C. Thus, A⊗C ∈ Cρ.
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Let us define the numerical radius of an N -tuple of operators A ∈ L(X )N as
w(N)(A) := sup
C∈CN
w(A ⊗C). (3.7)
For N = 1, w(1)(A) = w(A). Indeed,
w(1)(A) = sup
‖C‖<1
w(A⊗ C) ≥ sup
0<ε<1
w(A ⊗ (1− ε)IHC ) = sup
0<ε<1
(1− ε)w(A)
= w(A);
w(1)(A) = sup
‖C‖<1
w(A⊗ C) ≤ sup
‖C‖<1
w(A)‖C‖ = w(A).
Here we used the properties w(A ⊗ IH) = w(A) and w(A ⊗ B) ≤ w(A)‖B‖ valid
for any A ∈ L(X ), B ∈ L(H) (see, e.g., [14]).
Proposition 3.6. A ∈ C2,N ⇐⇒ w(N)(A) ≤ 1.
Proof. By Theorem 3.3, A ∈ C2,N if and only if A⊗C ∈ C2 = C2,1 for any
C ∈ CN . This, in turn, means that w(A ⊗C) ≤ 1 for any C ∈ CN (by Berger’s
result mentioned in Section 2), i.e, w(N)(A) ≤ 1. 
Theorem 3.7. If A ∈ Cρ,N ∩ L(X )N for a ρ > 0, then LA ∈ ρASN (X ). For any
ρ > 0 such that ρ 6= 1, there exists an A ∈ L(X )N such that LA ∈ ρASN (X ) and
A /∈ Cρ,N .
Proof. Let A ∈ Cρ,N ∩L(X )N for some ρ > 0, and C ∈ CN . Then A has a unitary
ρ-dilation A˜ ∈ L(X˜ )N , and
‖A⊗C‖ =
∥∥∥∥∥
N∑
k=1
Ak ⊗ Ck
∥∥∥∥∥ =
∥∥∥∥∥ρ(PX ⊗ IHC)
(
N∑
k=1
A˜k ⊗ Ck
)∣∣∣∣∣X ⊗HC
∥∥∥∥∥
≤ ρ
∥∥∥∥∥
N∑
k=1
A˜k ⊗ Ck
∥∥∥∥∥ = ρ ∥∥∥A˜⊗C∥∥∥ ≤ ρ
(here we used again Corollary 4.3 in [18]). Thus, LA ∈ ρASN (X ).
Now, let 0 < ρ 6= 1, and A ∈ L(X )N be such that 1
ρ
LA(ζ) =
1
ρ
ζA is a unitary
operator for each ζ ∈ TN . Then, again by Corollary 4.3 in [18], LA ∈ ρASN (X ).
Suppose there exists a unitary ρ-dilation A˜ ∈ L(X˜ )N of A. Then for any ζ ∈ TN ,
LA(ζ) = ζA = ρPX (ζA˜)|X . Hence, for any ζ ∈ TN and x ∈ X ,
‖ζA˜x‖ = ‖x‖ = ‖1
ρ
ζAx‖ = ‖PX (ζA˜)x‖,
that is possible only if ζA˜x ∈ X for all ζ ∈ TN and x ∈ X . Therefore, for n > 1,
ρn‖x‖ = ‖(ζA)nx‖ = ‖ρPX (ζA˜)nx‖ = ρ‖(ζA˜)nx‖ = ρ‖x‖,
that is impossible for x 6= 0. Thus, A /∈ Cρ,N . 
Note 3.8. Compare Theorem 3.7 with Remark 3.5.
12 Dmitry S. Kalyuzhny˘ı-Verbovetzki˘ı IEOT
The same argument as in the proof of the first part of Theorem 3.7 shows
that, for A ∈ Cρ,N ,
‖(A⊗C)n‖ ≤ ρ, n ∈ N, C ∈ CN . (3.8)
Note 3.9. Compare (3.8) with (2.2).
This uniform (in C ∈ CN) power-boundedness of an N -tuple of operators A
is, in our setting, a generalization of power-boundedness of a single operator. Let
us define the spectral radius of an N -tuple of operators A ∈ L(X )N as
ν(N)(A) := lim
n→+∞
(
sup
C∈CN
‖(A⊗C)n‖
) 1
n
. (3.9)
Note 3.10. Compare (3.9) with (2.3).
In other words, ν(N)(A) = ν(N,∞)(LA), where ν(N,∞)(f) is the spectral radius
of an element f of the Banach algebra H∞N (X ) consisting of holomorphic L(X )-
valued functions f on DN which satisfy
‖f‖∞,N := sup
C∈CN
‖f(C)‖ <∞
(this algebra was introduced in [1]). Here f(C) is defined in the same manner as
k(C,C) in (3.3), i.e., for
f(z) =
∑
t∈ZN+
fˆtz
t, z ∈ DN ,
f(C) :=
∑
t∈ZN+
fˆt ⊗Ct, C ∈ CN ,
where the latter series converges in the L(X ⊗HC)-norm. For N = 1, ν(1)(A) =
ν(A). Indeed,
ν(1)(A) = lim
n→+∞
(
sup
‖C‖<1
‖(A⊗ C)n‖
) 1
n
= lim
n→+∞
(
sup
‖C‖<1
‖An ⊗ Cn‖
) 1
n
= lim
n→+∞
(
‖An‖ sup
‖C‖<1
‖Cn‖
) 1
n
= lim
n→+∞ ‖A
n‖ 1n = ν(A).
Remark 3.11. For any A ∈ Cρ,N , by virtue of (3.8), ν(N)(A) ≤ 1.
Theorem 3.12. For a fixed Hilbert space X and any N ≥ 1 the class Cρ,N increases
as a function of ρ:
Cρ,N ⊂ Cρ′,N for ρ < ρ′.
Moreover, for dimX ≥ 2, Cρ,N increases strictly:
Cρ,N 6= Cρ′,N for ρ 6= ρ′.
For dimX = 1 the classes Cρ,N coincide for all ρ ≥ 1, and strictly increase for
0 < ρ < 1.
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Proof. For N = 1 this theorem is true (see Section 2). For N > 1 it follows from
the equivalence (i)⇔(v) in Theorem 3.3. 
Theorem 3.13. For any A ∈ Cρ,N , C ∈ CN , and a polynomial p of one variable,
‖p(A⊗C)‖ ≤ max
|z|≤1
|ρp(z) + (1− ρ)p(0)|.
Proof. This result follows from the generalized von Neumann inequality (2.8) and
the equivalence (i)⇔(v) in Theorem 3.3. 
Let us remark that results of this section on N -tuples of operators from the
classes Cρ,N can be extended to elements of H
∞
N (X ), though the notion of unitary
ρ-dilation no longer makes sense for this case. Define C
(∞)
ρ,N as a class of functions
f ∈ H∞N (X ) such that f(C) ∈ Cρ = Cρ,1 for any C ∈ CN . Then, in particular,
Theorem 3.3 implies that A ∈ Cρ,N if and only if LA ∈ C(∞)ρ,N . The following
analogue of Theorem 3.3 is easily obtained.
Theorem 3.14. Let f ∈ H∞N (X ) and ρ > 0. The following conditions are equivalent:
(i): f ∈ C(∞)ρ,N ;
(ii): the function kfρ,N (z, w) := ρIX−(ρ−1)(f(z)+(f(w)∗)+(ρ−2)f(w)∗f(z)
is an Agler kernel on DN × DN ;
(iii): the function ψfρ,N (z) := (1− 2ρ)IX+ 2ρ(IX−f(z))−1 belongs to AHN (X );
(iv): the function ϕfρ,N (z) := f(z)((̺− 1)f(z)− ρIX )−1 belongs to ASN (X ).
Clearly, H∞N (X ) ∩ C(∞)1,N = ASN (X ). Set
w(N,∞)(f) := sup
C∈CN
w(f(C)). (3.10)
Note 3.15. Compare (3.10) with (3.7).
Remark 3.16. Proposition 3.6 extends directly to the class C
(∞)
2,N , with f ∈ H∞N (X )
in the place of A ∈ L(X )N , and w(N,∞)(f) in the place of w(N)(A). Remark 3.11
extends directly to f ∈ H∞N (X ) in the place of A ∈ L(X )N , and ν(N,∞)(f) in the
place of ν(N)(A). Also, Theorems 3.12 and 3.13 extend to the classes C
(∞)
ρ,N .
4. Multivariable operator and operator-function radii
In this section we extend the notion of operator radii wρ, 0 < ρ ≤ ∞, to the
multivariable case, i.e., to N -tuples of bounded linear operators and to elements
of the Banach algebra H∞N (X ). Let 0 < ρ <∞ and f ∈ H∞N (X ). Set
w
(∞)
ρ,N (f) := inf{u > 0 :
1
u
f ∈ C(∞)ρ,N },
and for A ∈ L(X )N , define
wρ,N (A) := w
(∞)
ρ,N (LA).
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Due to our remark preceding to Theorem 3.14,
wρ,N (A) = inf{u > 0 : 1
u
A ∈ Cρ,N}. (4.1)
Note 4.1. Compare (4.1) with (2.7).
Clearly, for N = 1 and A ∈ L(X ), wρ,1(A) = wρ(A).
Lemma 4.2. For f ∈ H∞N (X ), A ∈ L(X )N ,
w
(∞)
ρ,N (f) = sup
C∈CN
wρ(f(C)), (4.2)
wρ,N (A) = sup
C∈CN
wρ(A⊗C). (4.3)
Proof. Let f ∈ H∞N (X ). Then for u > 0, 1uf ∈ C(∞)ρ,N if and only if for any C ∈ CN
one has 1
u
f(C) ∈ Cρ. Therefore,
w
(∞)
ρ,N (f) = inf{u > 0 :
1
u
f ∈ C(∞)ρ,N } = inf{u > 0 : ∀C ∈ CN ,
1
u
f(C) ∈ Cρ}
= sup
C∈CN
inf{u > 0 : 1
u
f(C) ∈ Cρ} = sup
C∈CN
wρ(f(C)),
i.e., (4.2) is true. Now, (4.3) follows from (4.2) and the definition of wρ,N (A). 
Theorem 4.3. 1. All properties (i)–(xx) listed in Theorem 2.5 are satisfied for
w
(∞)
ρ,N (·) in the place of wρ(·); f, g ∈ H∞N (X ) in the place of A,B ∈ L(X ); w(N,∞)(·)
in the place of w(·); and ν(N,∞)(·) in the place of ν(·).
2. Properties (i)–(xvii) listed in Theorem 2.5 are satisfied for wρ,N (·) in the
place of wρ(·); A ∈ L(X )N in the place of A ∈ L(X ); w(N)(·) in the place of w(·);
and ν(N)(·) in the place of ν(·).
Proof. 1. Let f ∈ H∞N (X ). Then ‖f‖∞,N = supC∈CN ‖f(C)‖ < ∞. By properties
(vi) and (x) in Theorem 2.5, and Lemma 4.2, if 0 < ρ ≤ 1 then
w
(∞)
ρ,N (f) = sup
C∈CN
wρ(f(C)) ≤
(
2
ρ
− 1
)
sup
C∈CN
w1(f(C))
=
(
2
ρ
− 1
)
sup
C∈CN
‖f(C)‖ <∞,
and if ρ > 1 then
w
(∞)
ρ,N (f) = sup
C∈CN
wρ(f(C)) ≤ sup
C∈CN
w1(f(C)) = sup
C∈CN
‖f(C)‖ <∞.
Thus, property (i) is fulfilled.
Properties (ii)–(vii), (ix)–(xi), (xiii)–(xv), and (xvii)–(xx) easily follow from
the properties in Theorem 2.5 with the same numbers, and Lemma 4.2.
The proof of property (viii) is an adaptation of the proof of Theorem 5.1
in [15] to our case. First of all, let us remark that property (iv) implies that if
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u > w
(∞)
ρ,N (f) then
1
u
f ∈ C(∞)ρ,N , and for any C ∈ CN one has 1uf(C) ∈ Cρ. In
particular,
sup
C∈CN
∥∥∥∥(f(C)u
)n∥∥∥∥ ≤ ρ, n ∈ N.
Therefore, ν(N,∞)
(
f
u
)
≤ 1, i.e., ν(N,∞)(f) ≤ u. Thus, for any ρ > 0, ν(N,∞)(f) ≤
w
(∞)
ρ,N (f), moreover,
ν(N,∞)(f) ≤ lim
ρ→+∞w
(∞)
ρ,N (f)
(note, that due to property (x), w
(∞)
ρ,N (f) is a non-increasing and bounded from
below function of ρ, hence it has a limit as ρ→ +∞).
For the proof of the opposite inequality, let us first show that if ν(N,∞)(g) < 1
for some g ∈ H∞N (X ) then beginning with some ρ0 > 0 (i.e., for all ρ ≥ ρ0) one
has g ∈ C(∞)ρ,N . Indeed, in this case there exists an s > 1 such that ν(N,∞)(sg) < 1.
Then there exists a B > 0 such that
sn sup
C∈CN
‖g(C)n‖ ≤ B, n ∈ N.
Hence, for any C ∈ CN ,
Reψgρ,N (C) =
(
1− 2
ρ
)
IX⊗HC +
2
ρ
Re(IX⊗HC − g(C))−1
= IX⊗HC +
2
ρ
Re
∞∑
n=1
g(C)n 
(
1− 2
ρ
∞∑
n=1
‖g(C)n‖
)
IX⊗HC

(
1− 2
ρ
∞∑
n=1
B
sn
)
IX⊗HC =
(
1− 2B
ρ(s− 1)
)
IX⊗HC  0
as soon as ρ ≥ 2B
s−1 . Thus, by Theorem 3.14, g ∈ C(∞)ρ,N for any ρ ≥ 2Bs−1 .
Now, if ν(N,∞)(f) = 0 then for any k ∈ N, ν(N,∞)(kf) = 0. Hence, for ρ ≥ ρ0
we have kf ∈ C(∞)ρ,N , and by property (iv), w(∞)ρ,N (kf) ≤ 1. Thus,
lim
ρ→+∞w
(∞)
ρ,N (f) ≤
1
k
for any k ∈ N, and
lim
ρ→+∞w
(∞)
ρ,N (f) = 0 = ν
(N,∞)(f),
as required.
If ν(N,∞)(f) > 0 then for any ε > 0,
ν(N,∞)
(
f
(1 + ε)ν(N,∞)(f)
)
=
1
1 + ε
< 1.
Then for ρ ≥ ρ0,
w
(∞)
ρ,N
(
f
(1 + ε)ν(N,∞)(f)
)
≤ 1,
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hence w
(∞)
ρ,N (f) ≤ (1 + ε)ν(N,∞)(f). Passing to the limit as ρ → +∞, and then as
ε ↓ 0, we get
lim
ρ→+∞w
(∞)
ρ,N (f) ≤ ν(N,∞)(f),
as required. Thus, property (viii) is proved.
For the proof of property (xii), it is enough to suppose, by virtue of positive
homogeneity of w
(∞)
ρ,N (·) and ν(N,∞)(·), that for f ∈ H∞N (X ) one has w(∞)ρ0,N (f) =
1, ν(N,∞)(f) < 1, and prove that for any ρ > ρ0, w
(∞)
ρ,N (f) < 1. By Theorem 3.14
and property (iv) in the present theorem,
ρ0
2
ψfρ0,N (z) =
(ρ0
2
− 1
)
IX + (IX − f(z))−1 ∈ AHN (X ),
i.e., for any C ∈ CN ,
Re
[ρ0
2
ψfρ0,N (C)
]
= Re
[(ρ0
2
− 1
)
IX⊗HC + (IX⊗HC − f(C))−1
]
 0,
and for any ρ > ρ0,
Re
[ρ
2
ψfρ,N (C)
]
= Re
[(ρ
2
− 1
)
IX⊗HC + (IX⊗HC − f(C))−1
]
 ρ− ρ0
2
IX⊗HC .
Since the resolvent Rf (λ) := (λIX − f)−1 is continuous in the H∞N (X )-norm
on the resolvent set of f , and ν(N,∞)(f) < 1, for ε > 0 small enough, one has
ν(N,∞)((1 + ε)f) < 1, and
Re
[ρ
2
ψ
(1+ε)f
ρ,N (C)
]
= Re
[(ρ
2
− 1
)
IX⊗HC + (IX⊗HC − (1 + ε)f(C))−1
]
 0
for any C ∈ CN , i.e., ρ2ψ(1+ε)fρ,N ∈ AHN (X ), and ψ(1+ε)fρ,N ∈ AHN (X ). Hence, by
Theorem 3.14, (1 + ε)f ∈ C(∞)ρ,N which means, by property (iv), that w(∞)ρ,N ((1 +
ε)f) ≤ 1. Thus, w(∞)ρ,N (f) ≤ 11+ε < 1, as required.
The first part of property (xvi) in this theorem follows from property (xvi)
in Theorem 2.5, and Lemma 4.2. For the proof of the second part of (xvi), we use
properties (xv) and (xvi) from Theorem 2.5, property (xv) in the present theorem,
and Lemma 4.2:
lim
ρ↓0
ρ
2
w
(∞)
ρ,N (f) = sup
0<ρ<1
{ρ
2
w
(∞)
ρ,N (f)
}
= sup
0<ρ<1
sup
C∈CN
{ρ
2
wρ(f(C))
}
= sup
C∈CN
sup
0<ρ<1
{ρ
2
wρ(f(C))
}
= sup
C∈CN
{
lim
ρ↓0
ρ
2
wρ(f(C))
}
= sup
C∈CN
w2(f(C)) = w
(∞)
2,N (f).
The proof of property (xvi), as well as part 1 of this theorem, is complete.
Part 2 follows from part 1. 
Denote by C
(∞)
∞,N (resp., C∞,N ) the class of CN -bounded holomorphic operator
valued functions on DN (resp., N -tuples of bounded linear operators on a common
Hilbert space) with spectral radius at most one.
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Theorem 4.4. Let X be a Hilbert space. Then
C
(∞)
∞,N ∩H∞N (X ) = clos
{ ⋃
0<ρ<∞
(C
(∞)
ρ,N ∩H∞N (X ))
}
; (4.4)
C∞,N ∩ L(X )N = clos
{ ⋃
0<ρ<∞
(Cρ,N ∩ L(X )N )
}
. (4.5)
Note 4.5. Compare (4.4) and (4.5) with (2.4).
Proof of Theorem 4.4. The inclusion “⊃” in (4.4) and (4.5) follows from Remarks
3.11 and 3.16, and the fact that the set of CN -bounded holomorphic operator-
valued functions on DN (resp.,N -tuples of bounded operators) with spectral radius
at most one is closed in H∞N (X ) (resp., L(X )N ).
To show the inclusion “⊂” in (4.4), observe that for f ∈ C(∞)∞,N ∩H∞N (X ) and
0 < r < 1, ν(N,∞)(rf) ≤ r < 1. By property (viii) from Theorem 4.3, for ρ0 > 0
big enough, w
(∞)
ρ0,N
(rf) < 1, and by property (iv) from the same theorem,
rf ∈ C(∞)ρ0,N ∩H∞N (X ) ⊂ clos
{ ⋃
0<ρ<∞
(C
(∞)
ρ,N ∩H∞N (X ))
}
.
Passing to the limit as r ↑ 1, we get
f ∈ clos
{ ⋃
0<ρ<∞
(Cρ,N ∩H∞N (X ))
}
,
and the inclusion “⊂” in (4.4) follows. Analogously for the inclusion “⊂” in (4.5).

In view of property (iv) in Theorem 4.3, let us call the elements of the class
Cρ,N (N -variable) ρ-contractions.
5. On similarity of ρ-contractions to 1-contractions in several
variables
An N -tuple of operators A = (A1, . . . , AN ) ∈ L(X )N is said to be simultaneously
similar to an N -tuple of operators B = (B1, . . . , BN ) ∈ L(Y)N if there exists a
boundedly invertible operator S ∈ L(X ,Y) such that
Ak = S
−1BkS, k = 1, . . . , N, (5.1)
or equivalently,
zA = S−1(zB)S, z ∈ CN . (5.2)
Note 5.1. Compare (5.1) and (5.2) with (2.9).
Theorem 5.2. For any ρ > 1 and N > 1, there exists an A = (A1, . . . , AN ) ∈ Cρ,N
which is not simultaneously similar to any T = (T1, . . . , TN ) ∈ C1,N .
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Proof. Let N = 2, and for any ε ≥ 0 set A(ε) = (A(ε)1 , A(ε)2 ) ∈ L(C3)2, where
A
(ε)
1 :=
 0 1+ε√2 00 0 0
− 1+ε√
2
0 0
 , A(ε)2 :=
 0 0 1+ε√21+ε√
2
0 0
0 0 0
 .
Then for any ε ≥ 0 and z ∈ C2,
zA(ε) =
 0
1+ε√
2
z1
1+ε√
2
z2
1+ε√
2
z2 0 0
− 1+ε√
2
z1 0 0
 ,
(zA(ε))2 =
 0 0 00 (1+ε)22 z1z2 (1+ε)22 z22
0 − (1+ε)22 z21 − (1+ε)
2
2 z1z2
 ,
(zA(ε))3 = (zA(ε))4 = . . . = 0,
i.e., zA(ε) is a nilpotent operator of degree 3. Hence, for any ρ > 1 and z ∈ D2,
‖ϕA(0)ρ,2 (z)‖ =
∥∥∥zA(0)((ρ− 1)zA(0) − ρI)−1∥∥∥ = ∥∥∥∥∥zA(0)ρ
(
I − ρ− 1
ρ
zA(0)
)−1∥∥∥∥∥
=
∥∥∥∥∥zA(0)ρ + (ρ− 1)
(
zA(0)
ρ
)2∥∥∥∥∥ ≤ 1ρ‖zA(0)‖+ ρ− 1ρ2 ‖(zA(0))2‖
=
1
ρ
∥∥∥∥∥∥∥
 0
z1√
2
z2√
2
z2√
2
0 0
− z1√
2
0 0

∥∥∥∥∥∥∥+
ρ− 1
ρ2
∥∥∥∥∥∥∥
 0z2√
2
− z1√
2
 0z1√
2
z2√
2
T
∥∥∥∥∥∥∥
≤ 1
ρ
+
ρ− 1
ρ2
=
2ρ− 1
ρ2
< 1.
Then, due to the von Neumann inequality in two variables [3], one has
‖ϕA(0)ρ,2 (C)‖ ≤
2ρ− 1
ρ2
< 1, C ∈ C2,
i.e., ϕA
(0)
ρ,2 ∈ AS2(C3). Analogously, for ε > 0 small enough (the choice of ε depends
on ρ), one has
sup
C∈C2
‖ϕA(ε)ρ,2 (C)‖ = sup
z∈D2
‖ϕA(ε)ρ,2 (z)‖ ≤
1 + ε
ρ
+ (ρ− 1)
(
1 + ε
ρ
)2
< 1,
i.e., ϕA
(ε)
ρ,2 ∈ AS2(C3), and by Theorem 3.3, A(ε) ∈ Cρ,2.
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Let us show now that for any ε > 0 the pair A(ε) = (A
(ε)
1 , A
(ε)
2 ) is not
simultaneously similar to any pair T = (T1, T2) ∈ C1,2. Observe that
(A
(ε)
1 +A
(ε)
2 )(A
(ε)
1 −A(ε)2 ) =
 0
1+ε√
2
1+ε√
2
1+ε√
2
0 0
− 1+ε√
2
0 0

 0
1+ε√
2
− 1+ε√
2
− 1+ε√
2
0 0
− 1+ε√
2
0 0

=
 −(1 + ε)
2 0 0
0 (1+ε)
2
2 − (1+ε)
2
2
0 − (1+ε)22 (1+ε)
2
2
 .
Then
lim
n→+∞ ‖[(A
(ε)
1 +A
(ε)
2 )(A
(ε)
1 −A(ε)2 )]n‖ =∞. (5.3)
On the other hand, if A(ε) = (A
(ε)
1 , A
(ε)
2 ) is simultaneously similar to some T =
(T1, T2) ∈ C1,2 then for any n ∈ N one would have
‖[(A(ε)1 +A(ε)2 )(A(ε)1 −A(ε)2 )]n‖ = ‖S−1[(T1 + T2)(T1 − T2)]nS‖ ≤ ‖S‖‖S−1‖ <∞,
since ‖T1 ± T2‖ ≤ 1. We get a contradiction with (5.3).
Examples of N -tuples of operators from Cρ,N , ρ > 1, which are not simul-
taneously similar to any T ∈ C1,N for the case N > 2 can be obtained from the
examples of pairs A = (A
(ε)
1 , A
(ε)
2 ) above, for sufficiently small ε > 0, by setting
zeros for the rest of operators in these N -tuples: A˜(ε) := (A
(ε)
1 , A
(ε)
2 , 0, . . . , 0). 
Let A = (A1, . . . , AN ) ∈ L(X )N . Then A˜ = (A˜1, . . . , A˜N ) ∈ L(X˜ )N is called
a uniform ρ-dilation of A if X˜ ⊃ X and
∀n ∈ N, ∀i1, . . . , in ∈ {1, . . . , N}, Ai1 · · ·Ain = ρPX A˜i1 · · · A˜in |X , (5.4)
or equivalently,
∀n ∈ N, ∀z(1), . . . , z(n) ∈ CN , z(1)A · · · z(n)A = ρPX z(1)A˜ · · · z(n)A˜|X . (5.5)
Note 5.3. Compare (5.4) and (5.5) with (3.1) and (3.2).
Clearly, a uniform ρ-dilation is a ρ-dilation. If A˜ ∈ L(X˜ )N is a uniform ρ-
dilation of A ∈ L(X ), and for any ζ ∈ TN , ζA˜ is a unitary operator, then A˜ is
called a uniform unitary ρ-dilation of A. Denote by Cuρ,N the class of N -tuples of
operators A = (A1, . . . , AN ) on a common Hilbert space which admit a uniform
unitary ρ-dilation. Clearly, Cuρ,N ⊂ Cρ,N .
Theorem 5.4. Any A = (A1, . . . , AN ) ∈ Cuρ,N is simultaneously similar to some
T = (T1, . . . , TN) ∈ Cu1,N .
Proof. LetA = (A1, . . . , AN ) ∈ Cuρ,N∩L(X )N , andU = (U1, . . . , UN ) ∈ L(X˜ )N be
a uniform unitary ρ-dilation ofA. Let A ⊂ L(X˜ ) be the minimal C∗-algebra which
contains the operators IX˜ , U1, . . . , UN , and B ⊂ L(X˜ ) be the minimal algebra over
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C which contains the operators U1, . . . , UN . Clearly, B ⊂ A. Let ϕ : B −→ L(X )
be a homomorphism defined on the generators as
ϕ : Uk 7−→ Ak, k = 1, . . . , N.
The algebra B consists of operators of the form
p(U) =
∑
1≤k≤m, i1,...,ik∈{1,...,N}
αi1,...,ikUi1 · · ·Uik ,
where αi1,...,ik ∈ C for all i1, . . . , ik ∈ {1, . . . , N}. Then
ϕ(p(U)) = ϕ(
∑
αi1,...,ikUi1 · · ·Uik) =
∑
αi1,...,ikAi1 · · ·Aik
= p(A) = ρPXp(U)|X .
Therefore, if p(U) = 0 then ϕ(p(U)) = 0, and ϕ is correctly defined. The homo-
morphism ϕ is completely bounded, i.e.,
‖ϕ‖cb := sup
n∈N
‖ idn⊗ϕ‖ <∞,
where idn is the identical map of the matrix algebraMn(C) onto itself. Moreover,
‖ϕ‖cb ≤ ρ. Indeed, for any n ∈ N and a polynomial n × n matrix of N non-
commuting variables,
P (X) = [pij(X)]
n
i,j=1 =
 ∑
1≤k≤m, i1,...,ik∈{1,...,N}
α
(ij)
i1,...,ik
Xi1 · · ·Xik
n
i,j=1
,
‖(idn⊗ϕ)(P (U))‖ = ‖(idn⊗ϕ)
(
[pij(U)]
n
i,j=1
) ‖ = ‖[ϕ(pij(U))]ni,j=1‖
= ‖[pij(A)]ni,j=1‖ = ‖[ρPXpij(U)|X ]ni,j=1‖
= ρ‖(ICn ⊗ PX )[pij(U)]ni,j=1 |Cn ⊗X‖
≤ ρ‖[pij(U)]ni,j=1‖ = ρ‖P (U)‖.
Then, by Theorem 3.1 in [28], there exist a Hilbert space N , a completely contrac-
tive homomorphism γ : B −→ L(N ) (i.e., such that ‖γ‖cb ≤ 1), and a boundedly
invertible operator S ∈ L(X ,N ) such that
ϕ(b) = S−1γ(b)S, b ∈ B.
Moreover, as was shown in the proof of Theorem 3.1 in [28], γ can be chosen in
the form
γ(b) = PNπ(b)|N , b ∈ B,
where π : A −→ L(K) is a ∗-homomorphism, for some Hilbert space K ⊃ N . In
addition, it follows from Theorem 2.7 and the proof of Theorem 2.8 in [28] that
one can choose K = K1 ⊕K1, for some Hilbert space K1, and
π(a) = π1(a)⊕ 0, a ∈ A,
where π1 : A −→ L(K1) is a unital ∗-homomorphism. Set
Tk := γ(Uk) ∈ L(N ), k = 1, . . . , N.
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Then
Ak = ϕ(Uk) = S
−1TkS, k = 1, . . . , N.
It remains to show that T = (T1, . . . , TN ) ∈ Cu1,N . Set
Wk := π(Uk) ∈ L(K), k = 1, . . . , N.
Since for any n ∈ N and i1, . . . , in ∈ {1, . . . , N} one has
Ti1 · · ·Tin = γ(Ui1 · · ·Uin) = PNπ(Ui1 · · ·Uin)|N
= PNWi1 · · ·Win |N ,
W = (W1, . . . ,WN ) is a uniform 1-dilation of T = (T1, . . . , TN ), however, still not
unitary. Actually,
Wk = π(Uk) = π1(Uk)⊕ 0 (=:W (1)k ⊕ 0), k = 1, . . . , N.
Since π1 is a unital ∗-homomorphism, and for any ζ ∈ TN ,
(ζU)∗ζU = IX˜ = ζU(ζU)
∗,
one has, for any ζ ∈ TN ,
(ζW(1))∗ζW(1) = IK1 = ζW
(1)(ζW(1))∗,
where W(1) = (W
(1)
1 , . . . ,W
(1)
N ). Set
W˜k := W
(1)
k ⊕ δ1kV ∈ L(K1 ⊕R), k = 1, . . . , N,
where δij is the Kronecker symbol, and V is a unitary dilation of the zero operator
on K1, e.g., the two-sided shift on the space R := l2(K1) =
⊕+∞
−∞K1 (here we
identify the space K1 with the subspace . . .⊕ {0} ⊕ {0} ⊕ K1 ⊕ {0} ⊕ {0} ⊕ . . . in
R). Then, for any ζ ∈ TN ,
(ζW˜)∗ζW˜ = IK1⊕R = ζW˜(ζW˜)
∗,
and W˜ = (W˜1, . . . , W˜N ) ∈ L(K1 ⊕ R) is a uniform unitary 1-dilation of W =
(W1, . . . ,WN ), and therefore, of T = (T1, . . . , TN ). Thus, T ∈ Cu1,N , as required.

Theorem 5.4 is similar to the result of G. Popescu [30] on simultaneous simi-
larity of ρ-contractions to 1-contractions in several variables, however his notion of
multivariable ρ-contractions is different. Let us clarify the relation between these
two results. Denote by CPρ,N (we use here this notation instead of just Cρ, as in
[30]) the Popescu class of all N -tuples A = (A1, . . . , AN ) of bounded linear opera-
tors on a common Hilbert space, say X , which have a uniform isometric ρ-dilation,
i.e., such an N -tuple of operators V = (V1, . . . , VN ) ∈ L(X˜ )N , X˜ ⊃ X , for which
(1): V ∗k Vk = IX˜ , k = 1, . . . , N ;
(2): V ∗k Vj = 0, k 6= j;
(3): ∀n ∈ N, ∀i1, . . . , in, Ai1 · · ·Ain = ρPXVi1 · · ·Vin |X .
Condition (2) in this definition can be replaced by
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(2’):
N∑
k=1
VkV
∗
k  IX˜ ,
since (1)&(2)⇐⇒(1)&(2’). According to [29], the class CP1,N coincides with the
class of N -tuples of operators A = (A1, . . . , AN ) (∈ L(X )N , for some Hilbert
space X ) such that
N∑
k=1
AkA
∗
k  IX .
By Theorem 4.5 in [30], any A = (A1, . . . , AN ) ∈ CPρ,N , ρ > 0, is simultaneously
similar to some T = (T1, . . . , TN ) ∈ CP1,N . This is a generalization of the theorem
of Sz.-Nagy and Foias¸ [33] to several variables. Theorem 5.4 of the present paper
is a different generalization of the same result, since our classes Cuρ,N are different
from Popescu’s classes CPρ,N for N > 1. More precisely, the following is true.
Theorem 5.5. For any N > 1 and ρ > 0, Cuρ,N  C
P
ρ,N .
Proof. Let A ∈ Cuρ,N ∩ L(X )N , N > 1, and U ∈ L(X˜ )N be a uniform unitary
ρ-dilation of A. Since for any ζ ∈ TN the operator ζU is unitary, it follows that
ζU(ζU)∗ = IX˜ , ζ ∈ TN ,
which implies
N∑
k=1
UkU
∗
k = IX˜ .
Thus, by [29], U ∈ CP1,N . Let V ∈ L(Xˆ )N be a uniform isometric 1-dilation of U
in the sense of Popescu. Then for any n ∈ N and i1, . . . , in ∈ {1, . . . , N},
Ai1 · · ·Ain = ρPXUi1 · · ·Uin |X = ρPX (PX˜Vi1 · · ·Vin |X˜ )|X
= ρPXVi1 · · ·Vin |X ,
i.e., V is a uniform isometric ρ-dilation of A in the sense of Popescu. Thus, A ∈
CPρ,N . This proves the inclusion C
u
ρ,N ⊂ CPρ,N .
Let us prove that this inclusion is proper for any N > 1 and ρ > 0. Firstly,
consider the case N = 2. Let B ∈ L(X0) be any operator of the class Cρ with
‖B‖ = ρ. For example,
B :=
[
0 ρ
0 0
]
∈ L(C2)
satisfies B2 = 0 and ‖B‖ = ρ, therefore by properties (iii) and (xi) in Theorem 2.5,
wρ(B) = 1, and by property (iv) in the same theorem, B ∈ Cρ. Set X := X0⊕X0,
A1 :=
[
B 0
0 0
]
∈ L(X ), A2 :=
[
0 0
B 0
]
∈ L(X ). (5.6)
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Let U ∈ L(X˜0) be a unitary ρ-dilation of B. Set X˜ := X˜0 ⊕ X˜0 ⊕ . . ., and identify
X = X0 ⊕X0 with the subspace X0 ⊕X0 ⊕ {0} ⊕ {0} ⊕ . . . in X˜ . Set
V1 :=

U
0
U
0
. . .

∈ L(X˜ ), V2 :=

0
U
0
U
. . .

∈ L(X˜ ),
i.e., the operators V1 and V2 are introduced here as infinite block-diagonal matrices
with equal operator blocks
[
U
0
]
∈ L(X˜0, X˜0 ⊕ X˜0) (resp.,
[
0
U
]
∈ L(X˜0, X˜0 ⊕
X˜0)) on the main diagonal. We will show that the pair V = (V1, V2) is a uniform
isometric ρ-dilation of the pair A = (A1, A2) in the sense of Popescu. First of all,
observe that
V ∗1 V1 = IX˜ = V
∗
2 V2, V
∗
1 V2 = V
∗
2 V1 = 0.
Next, the following relations hold:
∀k ∈ N, Ak1 =
[
Bk 0
0 0
]
=
[
ρPX0Uk|X0 0
0 0
]
= ρPXV k1 |X ;
∀k, n ∈ N, ∀i1, . . . , in ∈ {1, 2}, Ak1A2Ai1 · · ·Ain = 0
= ρPXV k1 V2Vi1 · · ·Vin |X
(since Ak1A2 = 0, PX˜0⊕X˜0⊕{0}⊕{0}⊕...V
k
1 V2 = 0);
A2 =
[
0 0
B 0
]
=
[
0 0
ρPX0U |X0 0
]
= ρPXV2|X ;
∀k, n ∈ N, ∀i1, . . . , in ∈ {1, 2}, Ak+12 Ai1 · · ·Ain = 0
= ρPXV k+12 Vi1 · · ·Vin |X
(since A22 = 0, PX˜0⊕X˜0⊕{0}⊕{0}⊕...V
2
2 = 0);
∀k ∈ N, A2Ak1 =
[
0 0
Bk+1 0
]
=
[
0 0
ρPX0U
k+1|X0 0
]
= ρPXV2V k1 |X ;
∀k ∈ N, A2Ak1A2 = 0 = PXV2V k1 V2|X ;
∀k, n ∈ N, ∀i1, . . . , in ∈ {1, 2}, A2Ak1A2Ai1 · · ·Ain = 0
= ρPXV2V k1 V2Vi1 · · ·Vin |X
(since Ak1A2 = 0, PX˜0⊕X˜0⊕{0}⊕{0}⊕...V2V
k
1 V2 = 0). Finally, we get
∀n ∈ N, ∀i1, . . . , in ∈ {1, 2}, Ai1 · · ·Ain = ρPXVi1 · · ·Vin |X .
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Thus, V is a uniform isometric ρ-dilation of A in the sense of Popescu. However,
for any ζ ∈ TN ,
‖ζA‖ =
∥∥∥∥[ ζ1B 0ζ2B 0
]∥∥∥∥ = √2‖B‖ = √2ρ > ρ.
Therefore, ζA /∈ Cρ for all ζ ∈ TN . We obtainA ∈ CPρ,2\Cuρ,2 (moreover,A /∈ Cρ,2).
For the case N > 2 (and any ρ > 0) an analogous example of A˜ ∈ CPρ,N\Cuρ,N
is easily obtained from the previous one, by setting zeros for the rest of operators
in the N -tuple, i.e., A˜ := (A1, A2, 0, . . . , 0), where A1 and A2 are defined in (5.6).
In this case the construction of a uniform isometric ρ-dilation of A in the sense of
Popescu should be slightly changed (we leave this to a reader as an easy exercise).

Remark 5.6. The pair A(ε) = (A
(ε)
1 , A
(ε)
2 ) constructed in Theorem 5.2 doesn’t
belong to the class Cuρ,2 for any ε > 0 and ρ > 1. Indeed, we have shown in
Theorem 5.2 that A(ε) is not simultaneously similar to any T = (T1, T2) ∈ C1,2,
not speaking of T ∈ Cu1,2. Thus, by Theorem 5.5, A(ε) /∈ Cuρ,2. This can be shown
also by the following estimate: if A(ε) ∈ Cuρ,2 for some ε > 0 and ρ > 1, then there
exists a uniform unitary ρ-dilation U(ε) = (U
(ε)
1 , U
(ε)
2 ) of A
(ε) = (A
(ε)
1 , A
(ε)
2 ), and
for any n ∈ N,
‖[(A(ε)1 +A(ε)2 )(A(ε)1 −A(ε)2 )]n‖ = ‖ρPX [(U (ε)1 + U (ε)2 )(U (ε)1 − U (ε)2 )]n|X‖
≤ ρ‖[(U (ε)1 + U (ε)2 )(U (ε)1 − U (ε)2 )]n‖ = ρ <∞.
This contradicts to (5.3). Thus, for each ρ > 1 we obtain for ε > 0 small enough,
A
(ε) = (A
(ε)
1 , A
(ε)
2 ) ∈ Cρ,2\Cuρ,2, as well as A˜ := (A1, A2, 0, . . . , 0) ∈ Cρ,N\Cuρ,N .
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